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(Transeribed from tape recording by FO 9-22-52) Zmi L.w't oo
Lecture given Sept. 21, 1952 by FFV

Last Sunday we covered # prelix:xinary ground

in which we became7 presump!tively;more familiar with the
meaning of the word "finite", and we )perhaps all had some
experience of an enlargement of our previously existent

ideas as to how big finite cen be. As a matter of fact

we did not deal with any conceptions that-were really
difficult at all. The difficulty was in the domain of

trying to expand the perceptual imagination, to grasp

notions which conceptually are rather simple. One lesson
that should have come out of that experience is this, that
the perceptual power is very definitely restricted. In

hat we shall do tonight wesw;;l’ have to drop the perceptual
power and operate with other cognitive powers. I shall
outline three cognitive facets or powers.

First of all ”perception,\ which we shall understand

as the cognitive aspect of sensuous experience. The impres‘sions
we get from the world geﬁ?oo?gganized )more ‘or less automatically)
into what we call percepts, which are characterized by, these
qualities, that they are concrete and particular, m they are
‘also definitely finite in their limitations. Last Sunday we
sought to expand perceptual imagination so as to ﬁrasp some =~

poio E,
thing of the meaning of the googelplex, or that—is—30--te—the

16—tothe—100, a pretty big number. The second cognitive

st& i s "l Wh' Jb
‘power we call conception. It is a cognitive power thet

loTrue a
is non-sensuous in 1its purityj however much in common usage

; A
it may be more or less confusedly blended with perception,

I’x its purity and in its most efficient operation it achieves

Fhe
a high degree of freedom from/\restrictionsof‘ the perceptual

- consciousness. It is characterized by generality, impersonality,
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and definitiveness. / these features*gre present in variable

degrees aé among different concepts,b;n their highest develop-
ment we get an extreme generality and an extreme definitiveness
and it is on that level that mathematics exists. The third
form of cognition is one that ig practically without recognition
in the vast bulk of western philosophy and psychology, but nqt

totally without recognition. There are at 1east $eferencesﬂ
: . / 1"
among the German idealists that point to it. By introceptim

I mean a cognitive power which transcends the subject-object

-~

relationship, but 1ike peﬁfe tion,6its content, 1if ggu-m&y use
AN A

that term, is concrete, buﬁ like unto conception its content
@)

is completely universallﬂnot particular, Its key word is

Bight. You might call it cognition as-pure Light. 1In its

i e
purity it operates only in the domain of the Infinite. It

can be Rﬁalized, and when Rpalized in its puritx; the sensuous
aY
or perceptual world drops awayﬁ vanishes, and likewise the

conceptual world drops away and vanishes. There are possi-

bilities of an interblending between these three cognitive
inter-
components. In our work last Sunday we dealt with ayblending

NV<LJeAJ
between perception and conception; in other words,k a domain

7
that is familiar, or% or less, to everyone. Tonight, as
Sha .
far as may be, we will attempt to droq/the perceptual com-

al‘d’lvl ey 0\,"\ \
Y to journey on into the

ponent and its conwﬂmz.
domains in which we propose to enter, and we'll see if we
cénnot in some measure éffect a fusion of the intfoceptual
with the conceptual |

I mey say this about the vast majority of mathematicianst -
thet they operate on the level of the conceptual, freed from
the perceptual, {but without the 1ight of the introceptual.

When you have the fusion of the introceptual and the conceptual,
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. you have a different domain from that which is familiar

to most mathematicians, You have spontaneous luminousness
combined with the principle of organization. Now, we.have
before us a far more difficult task than that of trying to
comprehend the googalplex. ‘Let us consider the totality of
all natural numbers; thGee consisf oféeinpiy'the positiv e
integers, the one, two, three; four, and so on beyond all
limits. One number and only one in that series is the googal,
and another one is the googalplex. 'Consider this whoie'senies
as one entify, that means consider ail poseible integers
whatsoeven:_end remember there is no such thing as a last

integer ‘embrace that totality as one entity. DNow, you cénnot
A~

embrace it in the sense. of putting a circle around it. You

could in principle put a circle,around the googalplex. The
embracing has to be done in another way. Let us say, symbolize ‘

@'t Wez sy The V“’YASQ«NU
it @e the arms held out this way with an open space,\not making

Houg

a closed circle] the arms defining a zone In one sense; the _
: ZlmeecP “f"’"’l

open space indicating a limitlessness, But the task

to-bear—on the conceptual imagination now is to grasp that .

totality as just one entity. We'll have to go further then

that, We are indebted to two German mathematicians of the

lest century for the definite defining and characterization

of the infinite. These two are Dedekind and George Cantonr.

It is noteworthy in the work of Dedekind, in his essay on

" "The Nature an@ Meaning of Number", that you hardly ever see

in that essay our ordinary numbers at all, It is an essay
about sets and classes, about the primary ideas in the mind,
and theorem after theorem develobingvfnom that.simple material;
derives the most fundamental.properties of number, Some of

these we spoke of last Sunday.



Number grows out of the establishing of a one-to-one
lastSundey thigprocess

cokrélation between‘tw clagsses. We took ¥t/back to the
oY A A
stage of the 1nfantﬁﬂthe primitive; we saw how correlation

probably first was made with the fingers of the hand and
various objects, later with pebbles and various classes of
objects like sheep, and so on. That was before notions-
of number as we have thém wenabofn. That}?undamental counting
That 1s fundamehtaljnumber. ' The basic notion upon which we
build is that we can call two classes similar, or,in ordinary
1anguage,}équal, Wﬁen'we can set up a one-to-one correlation
between the two classes so that there are none left overiih_

A\

either class,' Thus, if there were 5 coins and 5 pebbles,
, word Tive or the _
' we.could set up, even if we didn't lmow the /number five - that

\xxvﬁﬁy Ne )

notionn§26n+szeen borny we could %raw a line between a pebble
& " C

and a coin and a pebble and a coinhgnd exhaust the two classes

at the same moment. When that happens we say they have the

: & j A
same cardinality.,.the cardinal numbeiﬁ_ﬁ%ieﬁ?ie the quantity
. ' : | ,“z o . ~
number rather than the order number. ,Better get used to the

A
word cardinality because we are dealing with notions that are

. i N Tercalltion
veryqundamental. And just as an imbrojecbden-at this point,
I may next Sunday or sometime later deal with some preliminary
'efforts along the line of ﬁhat we might call a construction
of an IdBloistic mathematicf- just some preliminary ideas.
To achieve any unde;standing of even the initial ides, youv
have to grasp the.conceptiéna with which we are dealing tonight.
Thé reasons for that will later s pear, But now we are going .
to note the property that is peculiar of our class of numbers.

,—-’.—-—"r"‘—,

I put down;152,3,u,5'#%r a dotted line aftefwards which means

it goes on forever) And I'm going to put another line below,

el

— .s_p,‘\l.e\‘

and vo olher”
writing onThe
linves,
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Now here is a very important point. We .can set up a one-to-

thu

one correlation between these two classes or sets -.

line—here. -That's counting. If there are just as many in °
' oV -
one set as thefi_e are in the other, they axe the same cardinali"ty.
NO
Now, isn't 1tAevident to you, that no matter how far we go: in
)/q ﬂw¢,5¢coﬁc\ Se
the first set lwe will always have a number gcorresponding to
i

each number in &8t set -i—a——th—e—ve?ﬂd_s_e_t. e?orresponding to J
i./VH\.e,) irstse he secons Szi‘

any number "n" mzer_.'gle, there will be a "2n" bm_ There

will always be a 2n corresponding to the n; therefore there, are

just as many numbers, just as ma.pi elements, in the second set
21 19

as there are in the first set. ButAanother important fact -
every element in the second set 1s to be found in the first set.

Two is f?‘\ﬁud ver here, four over here, six over in there, and
h’& 59/ J
80 on, Yet there are elements in the first set that %}:e not
e
found in the second. One is not found in the second, three is
N e SwoN’L( 5&
not, in fact)every odd number is not found. There are just
A .

as many in one set as the other; the totality of elements in

the second set is the same as the totality of elements in the
first set. They have the same cardinaltjr. The second set is

a sub-set of this, because all of it is found in that, but
ﬁfth‘vfln’oi sat “The Secondsed.

not al%of theat is found in/\t—h—i—s Now that quality, that property,
is the definition of an infinite class. An infinite class is a
class which has one or more partsg-proper parts,-which have the

same cardinality, that's the same number,—totality, as the whole.

whole. That is never true of any finite collection, or finite
class. You take a proper part of a googal, for icilstance, you -t"\k-b
talke=200, a sub-get of 100, out of that googalA the googal will

¥ iTs cardina ity
be reduced by. that 100/\ You can't set up a one-to-one correlatim.



It does not have a proper part, which has as many elements
in it as the whole. Only infinite claséés!of sets -have this
property. ‘ _
| Now, there are some very wonderful things you can do
with our integers. Would you beliéve that you could count
with the integers all the rational fractions? Just consider
the rational fractions between zero and'one. It is obvious,
' dloMtLl/Vql
isn't it, at once that there is an infinity of them in there*‘

One over a googalplex would be one of the fractions in there,
one-half, one-third, all the fractioms with one in the :numerator

and any number in the denominatér, ana several with?larger

number than one in the numerator, and that between one and two

!l CON?’ufum—cS
you find a simig infinity, and so on between’every integeryq
o

whatsoever the whole serles. You would have an infinity
of flactions between every one. Is that clear? one o
wham it—3is—not elean?

Now what we propose to do is to count the sumetotal of
\N’w? which exlends
all fractions in the number system that goes out to infinity.
A the 2fermenTs
What do we have to do to do that?, We have to order them, in

! cotly T ine
a definitive way, such thatjwe'ﬁﬂ be sure of pi_c.ki.ag_up/ every
fraction whatsoever. Think about it. How would you go about
that? How would you start a system that would enable you to

know certainly that in that system you had all of your numb erg —~

——

rational numbers, fractions and tegers, so ordered that you

and Kwew T HE g Themalld
had, them alk. Now you cou alPt start from zero and say—yeu ’H\aQN
. take the next fraction. It wouldn't be one-half, 1t wouldn't

be one over a googal, it wo¥1dn't be One over a googalplex.
is reneliens
There™s, an infinity of them between a googalplex and zero.
" the ot w:vadlﬁzw\)om's
Now we wang: to try to order &hem /80 that we can s tart counting.
No . —
You can™ count until you can order. It:iserhappens-that.
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this is worked out in a very clevéru we¥ and e rather simple
‘ . - Tantreduca
L4 »
way. Let us write, the numbers in this fadionj. . . . . ajﬁzdw¢4P‘7&'
You write every number as a fraction. Start in here, ome
over one. Now the numerator will always be ones on this line.
The denominator will correspond to the number there - one over
three, one over four, on to infinity. Down here we will have

two over one, two over two, two over three, two over four,

and we'll have three over one, three over two; three over three,

i.

three over fouw . Down here we have four over one, four over

two, four over three, four over four; and so on. Well, yoﬁ
follow that gystem out - .cleéar.to.c ... '.’gnf' inity in every
direction - and you.will get every fraction that there is in

an orderly arrangement, includ;ng every whole number., One dver
one reduces to/;hole number, two over two reduces to one,

three over one reduces to three. You will have every integer,

.pqSiﬁive integer, you will have every fraction whatsoever

somewhere in that sysﬁem, and they are nicely ordered. This
will show right here. Ail of these continue on to infinity -
this way ahdvthat way. Suppose we start and instead of writing
it that way we write it one and a comma and one; that stands
for that fraction; it is just a different way of writing it.
From here we go over'here. We write(1,2) and then we come down
here on a diagnnal and pick>that up, we-get (2,1). Then we

go back over here and we get (1,3), we get (2,2), and (3,1)

and so on, and then we can set up a éne-td-one corfélation.

One - tied in here., This is the second one. This is thé )

| counting proéess. \This series, you can write this very simply

now, if you notice certain ruies. The sumof phe two keeps-
ascending. There'll be some with the same sum, that is, in
here one and two dre three and t.w:o and one &are three. You
Write them In the order of the ascendihg numerators, hence

you have perfect order. 'Ypu see, this numerator is low, this

-T=-
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one is larger; then_you take the ascending numerators here,
the first number being the numerat;or in each case, the second
number being the denominator in each fraction. Now you see
that here jrou will actually pick up every rational fragtion
th'e_'re is, that‘ you have given to it a definite order, and that
now you can count it. And no mat ter how far you go out here,

you always have a whole nuinb‘er, an integer that will correspord

to your rational fraction; hence there are enough integers to
count not only all the integers, but all the integers and all

- >
the rational fractions in additioni }/This is mathemati¢cs of th
(014 elassos

. MANIFO]AS Gv
Infiinite now J not \the mathematics of, £inite q&eﬂiﬁ_iunasf
t5 QOMG\W Ewalop-w& y - .
It*s a different ion a,ﬁfn'al process, th it just so -
' /\W“ 9 :

happ'ens that this correlateéﬂ and gives a rational pattern to

many reports from mystical experlience --experlences that

v as
appear to the ordinary consciousness as quite irrational when
ord invaril y
they are‘,/\formu ated. When you use this kind of logic, they .
» T Thas 15 whal mekes
! e

. ~ fall into a comprehensible and rational form.
Fhis diseussions fhe t v} NTLaTMportast, NoT

the dmportance of thi ~— In fact you dorr*% have to
i

. CNR .
say: thinking has to stop when yeu getfover into at least some

dimensiongof‘ the Iransce'r;dent. We are dealling with agn %nstru-

, - v To Hue B‘e\]aﬁi‘o
ment that enables us to carry a kind of thinking over A s >
where the importanee—of following this kind of reasoning é’ *3
comes—inr, What we aré using here in our one-to-one correlation 3_ :O:
is precisely what primitive man did when he counted with his ~L f
fingrs. And if you are justified in sayidn)gvthat if you get' _§é
a correzf)\?ndénce with these fj’-v.e fingers among ce%:i':elin objects, g ‘g
TR e st they tore e 48 LRI 0
Using the same progess, exactly the ame process), just ag. - )

| ‘rigidly, we can sgy of this sepies here that iy has th¢ same ._'E
car inali’cjr as. that, Tﬂe seyies or collectigh consigting of gg

Y

3




You've got to forget all the rules that held in your
ordinary grammar»school'arithmefic. This is aqother domain,
Now this Infinite, an infinite like this that can be counted,

is called a denumerable infinite. The idea is that if you
could count for an infinite time you could couhé them all.
ALater we will have to consider tﬁe infinites that cannot

.be counted.

, we¢/ have another fhing. is a simple/one. _
Thi§<igyz: sev e yet. ;éfhnext one we will attgmpt - I 9

1/ et pe—i:at—eut the fact that & further proof yas mage. Hhat 3

also
that;not only the whole oﬁﬂrational numbers]but the whole of The

o/,

~

”algebraic numbers can be counted. Algebraic numbers include
all rational numbers, plus,  a large number of irrationals
like the square root of two and 1maginaries like the sigare

root- of minus one, or complex numbers like g

ot o b, They are numbers the technic 1
Kol ) V. ¥4 T
definition of which)you probably wouldn*t understand, wquldn*tlﬂd
. . " /—

be expected to understand, But they are the numbers that can

be the solution of algebraic equations of any degree having

integral coefficients..fPhe C1aﬁF of numbers is so large that
s :

NZ O iﬁ:;:&b—
- we ordinarily represent them by i«two-dimensional o
put. owr ordinary nimbers, which We call commonly the re
numbérs, just éy éme, and so on (deﬁonstrating)_- no¥ we
the minus num é;s in the opposite direction, and
ave minus

this vertical line the iphginary numbers. We

the square /root of minyds one, minus two timgs the square
of minus /one, minus/three times the squar’e root of minus one,

and so /on indefinitely in each case, #nd out here we would

ZCLC-Q_._ W ;m Mc{,‘l'@)-;*o.( ON 'Q;NC(OJ;._,
TJ :

have points in space. This number/would consist of three -
L

© one,underneath like that, plus t6§ into the square root of Sx‘§
| [

. m;hus one - that is called a /complex number - and this space
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Tnis is done by tne method illustrated in figure Is
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Two lines are drawn at right-angles to each other one horizontal,f
:‘the other vertival as in the rectilinear co~ord1nate system. .An»'

.'arbitrary distance along each 1ine is given the value of unity and

';._the integers associated with multiples of this unit positive

,integers to the right and negative 1ntegers to the left, on the o
*horizontal line.' Fractions,'such a8 %, and the ordinary irrationals,{
such as VE' are associated w1th their appropriate points between the "
l'integers. The immaginary numbers - 1nvolving multiples of V—l --,'f
are similiarly associated w1th points on the vertical line, with )
fractional and irrational multipliers appearing in their appropriate
~positions. The numbers appearing on the horizontal line are known o
as real" numbers,‘on the Vertical line as' immaginary nnmbers.‘"l
E*Numbers which are formed as an algebraic sum of a - real and an
'immaginary number are called complex Anumbers by p01nts of the
;;plane, as indicated in figure I. :

Numbers of the fore301ng type can 1n general be solutions of
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of algebraic equations.‘ It is clear that we have now added F;

several infinite classes to the class of the.positive rational

numbers, i €., the negative rational number, the erdinary
irrationals the immaginaries and the complex numbers. Yetl
Cantor proved by a method which we shall not rev1ew here, that
the sum-total of. all these numbers whlch can be solutions of [;ff;~'fk;

algebraic equations, can be ordered in such a way that a one-

to-one correlation can be set up between them and the sum-total

N

| ~of,posit1ve intesers. Hence the totality of all these numbers
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be solutions /of algeb aic equatio can be counted by the & "g
rational {i tegers. /We won't t¥y to do anything/more than 2
just state that fact. | —

But we come now _to the‘next stép: A proof;;lthough
there is at this poinif, some differenceof opinion','_/jthat you YN =
cannot count the total of all real numbers. Real numbers
conslst of those that,are not i’(naginary like our integers,
like our fraction. 5&-5& all of the simple irrationals, S“@L%

&n A
the ewbe—root—of—~7, and so on, all of—~fhese that T put—en 5

g bic algebraic squations—with /;E
in—t-eg-pa—L—eeeMe-i-en-ts, But the real numbers include numbers ""'

——

8
like E:L' the ratio. of the dliameter tg the circu#ference of ‘:i

2 which may be WriHer ———
a circle, and &, Vh.e-—nmnbens—hmi_t\e____;s,wwemeﬂstr’at

mmw&mmmgm
The
ox th power. '}wo numbers of enormous
Ik AN Y (15)
importance,& P+ you can appreclate. P ,\ the base of our

natural system of ,logarithms, but,more important than that
. '
in one respect} ,It 1s found wherever you study the phenomena

‘of 1life. Get the statistical data connected with énything

AN

that is living, draw your curves that correspct)_fxd, to your \\9'
statistical data giving yOur life cycle, the" curve) when ‘\pr’o‘
reduced to ;’ formulav or to an expression )glways invilves oM
the number . There is somc_a)_i mystery in that. But { ésl\the

number of life. Now ;and PA are transcendental numbers.

That means .technically that théy cannot be solutions of ‘
algebraic equations having integral coeff‘ic;ients. At ‘the %iin”e
of Cantor these were the only transcendentals definitely known;

They—apeo—an—awfully-hard-—number—bto—f4rd.. But his proof was

¢

~10-
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‘fy&'mﬁ““‘*“\“"ftus  whew coytroasted w iThal e

thatﬂt-hey are so much more numeronsA that«whenad&ed—-%e\th_e_

‘ ad:h-en_nmnb:ez:s they cannot be counted

Snmall 2

yample
Now here is a }i—‘eti:e—b—i% proof that begins—totake—
Lmploys

?ou-\i.n:b.o__the-.domain,-er_highen_ma.thema-tj\gs thé reasoning that

) We &nni& Fo’@SaJvtzd wi Tk
is sometimes used in higher mathematics. »F-acin% the problem
Vo

of ordering all the real numbers, X Ea‘b doesealt mean merely

the rational numbers, integers and fraatctions7 which it is "easy

w2
to order, but now Few are goling to try to order all the real,
WL - ivelude ~

numbers. That means yeu would have to ge:tfkf every irrational

~ 1S,
and every transcendental there woutd—be. It is an impossible
APC v aly

order.x'fhere is no way of doing it - at least that a human

riind can envisage. Cantor suspected that the number of real
oM R '
numbers was so great that you could not count them, even with

1

"an infinity of integers. Now let us consider the region from

A @2
zero to one., If we could prove that yeu— could not count all
N 9#‘
of the real numbers between zero and one then obviously Fou
‘(15\(\/0 cJo\Jﬂ IMPGSS¢(DI\£ . real ‘
b seuldnlt count all the/numbers from zero to infinitys &o all
A tHoalt” nol

we have to consider, if we are going to prove/\they captt be

counted, is the region from zero to one. Let us take every

N UAA 1942, T 4
;\—-th:ese.meal—d—a-l—l—’ce—f-p&e%rons write bhem as non-
W b i\
terminating decimal;! - Thus, ﬁo&‘;i_n.siane& some are naturally
YV S
non- terminating most of them would be,,and, yoxr had a
gUches 4 5-/- . foeny W £ \/v"\’,t [ bjt'
decima]7 w/\which is complete,,\in the. non-terminating form

}twﬂ.d_wér‘ee—i—t—%h—ts—way +399999 ’ﬁeaaevep—esad,_;mur 98_go

on infinity and when you get to infinj_t:y—thérs—namb-er—‘iis

. 2K
j.us_t._as_big_a.s_the_.h So you can write every one of %

terminating decimals or fractions in a non-terminating form.

We are going to write all the numbers betw%en zero
but sige= o
and one in a non-terminating form; M we ca.n—'ab/\find an order,

Slm;v
so we/\ass eAan order exists. We write our first number ..
let us use letters to represent the digits in our fractions ’K

'we have a-sub-one, a-sub-two, a-sub-three, and so on to infinityl

ub\s't' tvth, I/VQ,IGS@A PQC?RL
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5 Then we’ compose a Table in which we represent the infinity of
non—terminating decimals by employing letters with subscripts
| to stand for the digits in each decimal as is given in Table III

8.28-3&4&5.......‘.....‘_.‘.'..
b324250........0.000.."’
4 5occu-ooooooo.ooo.

d- oooooooooooooonno

Koooooo'oooooooo
‘

Table'ITT

e e

We set up this Table as indicated and establish a one-to-one

.correlation between ‘the positive integers and the series of non-

‘-terminating decimals. If our Table embraces all of the real

7‘numbers between zero and unity then we would have proven that they
are denumerable. But examination reveals that no matter how
completely we develop the set there always remains an infinity of
"numbers which have not been included. This is evident from the
.following consideration.' If we write a non-terminating decimal

-which differs from the first decimal by hav1ng a different digit

'or one other than al, in the first place, and other than b2 in the e

Batyeeyp pages 10 E

second place, and other than 03 in the tnird place, and so on, then';;

,"this number will differ from every number in the Table in at least one’

£

. place. This process can be repreated by diagonals beginmmng with
Via2,33,a4 and so on, so that obviously there would be an infinity of
'fnumbers not included in the Table, however complete we. attempt to o

make it. o ;: }i L;..';“vo ~'“:f>*: ;i. oo j.fﬁ;:,ie frﬁ



Now our next one - we are just saying arz}ﬁé::ily that an
ordered way has been found - maybe only fhat God himself
could find that order - but we just say that 1t exists, d M;t)

it exists somehow and we let these letters stand for it.

This is where the easoning gets ‘sybtle. We have c-sub-one,

c-sub-two, c=sub- three - (demonsfrating ) - now this goes

too \
on down here to infinidy /- infinity in both directigffl__—’,_La

Assuming that we have be able to order them and count k

them, we examine it to see if there is any difficulty, and

at once a difficulty arises, because wevcan find that there

is an infinity of ﬁumbézf no matter how we arrange this that

willl not be included.é/ or instanc consider the numbers

that you get by taking that diagnoal

own here - write another
nﬁmber where YOu chgnge this digit in the series and charge
that digit, change’ that digit and so on leig‘through, you

f

will clearly havé a number that will be différent at least

in one plade from any number that‘you méy have Yn this series.

Can you see /that? That means then that you have
numb ex's :

of the./ As a matter of fact since you could

ot got all
o that on
any of s/these dlagnnals there would be an infinity of\ numbers

that you would not have included no matter how far or ompletely

you wrote this out.\ In other words, our assumption that yea

TIhe A
could order “‘““l%ﬁ count them has proven false, The other

conclusion is that they are not denumerable, that they are so
numerous that the infinity of digits that could count all ouwr
fractions, all our algebrailc numbers,‘aB&Fcouiéweeunt—a&;-xhose—
/ﬁvheaa-e—yeu—mu}t-i-p%-iefd—thexr’by—mfi-zﬂ—ty, st11l could count them,

could not count the sum total of all real numbers.‘ Here is

LCGMLS
where the logic &ets subtle.

-12-



/oq foal 1S heve
TheAprinclple that®s employedﬂis thist § first we say

that the totality of all real numbers is countable, or it is

we  tha
not countable. If yon find that when you assume/ 1t 1s count-
2z

144
able y.e_u run 1nto a contradiction, then the conclusion must _t .
Thoe guegbion
_Ee that it is non- countable. That's the dichotomy. Qwe‘s%:o'sﬁ ng

/\whether this reasoning is sound or not depends upon whether

W
the dichotomy is valid. Thuis, for instance, if geu were to

say that an equation, is enéther reducible or not reducible, y.gyu-&

6951b ies c/a,ss ,
would have twc;{‘cﬂ:a-s-ses It belongs ore way or the other. DeeS-:[b

l”"'i 6701)"»/{“:' 3 \M’]‘Z's there some middle ground which belongs to the
gone of that which 1s not reducible and not not«-—reducibl'e‘a '
"Some criticism of the reasoning here has been brought from

. that angle, but if we accept the soundness of the reduetio
ad a’oﬂr_'dum then it follows that the sum total of all real
numbers 1s more than a denumerable infinite., Now here is the
interesting fact. In Cantor's time two transfinite numbers
were known. Since then several clésses of an infinite number
of transfinite numoers have been discovered. They are lm=—

measurably infinitely more numerous than all the other numbers -

pubt together, and yet they are hard to discol?r, anjé/only two
' ]

of them are well known to everybody, namely P+ and 'K,
Let us suppose we ‘took all than the
transcendental '?all the algebraic numbers 5 integers, rational

fractions, end the o\rdinary irrationals, swe# the imaginaries

- and compleXwa’oers, ‘and we placed them out in space as I
’ )'UQN

showed beforev we find this true that between any two of those

J
numbers that would correspond to specific points ddike_the-

here which we wi

—

rogot of one plus B € square roo )

-13-



we
one—pius=5- ~ between any two points yeu can always find another
number. Do you see that from that statement it follows that

WA
you can always find an infinity of other numbers? Here is a

check of our logical sense. If between A and B, or 1 and 2,
X can find anoth%gﬁnumber, if all this 1s true that between

any two numbers ® can find another number, then it must follow

W
that between those two numbers X can find an infinity of other
ere Q')N"a‘bS ou" cur”’
n?mbers. of course, quite obviouslyb\between your @band Feur
W"tlU”U

ﬁ another number, but we call that §, but our rule would say §
T Al CcAN
that between N and B yen would find another number, and 8o on

ad infinitum. That 1s another feature of mathematical thinking

that is very fundamental. It's part of the step from any-ness
to every-ness.
YW ‘
If yeu can say something about an __1 member of a class,

or set’ﬁ? group)or collection,(by any ‘we mean one picked at

y%N
randony whatever we can say of any we can say of every. You
Ao PRI

see we are p,cking out any on the basis of its general property,
Cani LN AL R
CLANA(K(ontlebout particularities that may attach to special entities.,

Now it would seem, would it not, to you that after we got down

all of the algebraicinumbers, ali'of these numbers we have been
talking about excepé?tﬁenscendentalg that that plane would be

' pretty solidly f:i.uec;< wouldnlé—it? ’)ﬁememberiqg that - ;3,: can
always get an infinity of nunmbers between any two points, Yet
as a matter of fact that;;QGTe be like a sky with- the numbers
correspon%%ng to points like stars with vast blank spaces in

2h@e% oy~
between. Yewr plane is not tightdty Tilled. Remember L Four-

points have no area at all. They're absolutely sharp, area-less.
NoT
They havenLt packed that plane, but actually .that plane has

infinitely greater spaces in it than the space that would cor-
respond to the numbers. In other words, without the transcendentals

wa Ao
wou domlt have a true continuum.



‘u WL ; ‘
The only way yew can fil‘lfthat space 1s by bringing

v
all of the transcendentals ink® I think you ¢ an begin to see
the enormous vastness that belongs to the transcendental

numbers as compared to all of the other numbers. So, ore

GLN) Hea ]:ﬁ’x.\«v -fl.z ﬁ.o..‘)"‘s hw/l( [£The nasie .

3
2
}‘; 3 simple notion o%nfinity i1s not enough to take care of our
A B .
R Y .
é.: D= total problem of determining the cardinality of all possible
3) 9 (; classes. This leads us to what you might call a heirarchy of
Lo ﬁ ‘9
infinities. : '
3§- - t% v W’\.l'o}'u
—K) E » The first infinity -thed corresponds to the total of all
0 - . 4
do :‘3 g integers, which was sufficient to count integers and fractions
a P
g -E Y :and in addition suffici nt to count all algebraic numbers,
. “ AN
2 3’ ~ “been written variously as leph null), or aleph sub- zero some-
~— s
as Lo eé
times Aomega)sub-zero. is the first letter
\ i

of the Hebrew alphabet and the—other is abexst the last letter

of the Greek) And this 1is known as the denumerable infinite,
correspondiﬁg to the cardinality of ail integers. The cardinalitjr
~of all real numbers is more than infinitely greater 'fhan, that.

We have a very interesting multiplication table or certain laws

!
that attach to these numbers. We take a}e-ph add eme to 1it, ;ve
d.apé-jﬁ-g——zepe We (cj ' & )
and the answer is just « Add a googalplex to it,
H\,c\,‘f? . A st AN o
and it swallows 4t just as easily. The answer 1is :
Jast—swallows it as easily a e, Or again, if we

subtract a'googalplex from it, we have alepwaba&ammdnui_a.

geegalpm, which is tep_,to__the—t-iebn—be—the-—l-@o; and t  just
] WO ﬁmQ_ % B
equals a%epﬁ—su-&-q,epe-

You can\t disturb ++s calm in t)h at way.
We live I~
You see, & whole universe like this/\could drop out and/;lA: would

go on just as placidly as you please. Nothing happened. . Or,
o ENd o]
now leP us try. sgmething else 'A see what J‘gultiplying woudddo,
w i) R )

We "™\ multiply ~i~t by a googalplex, l@——*&e—the—l—@—tre——the—]:oo_unes—,-

-15-



. B No
.
W{f}‘ hasmls changed it 'at all., The multiplication
table is very easlly learned when 1t's likg that!

// ‘:11,-6
We ¢ “’Kq%mngf_‘;&ﬂ;e anl multiply ¥t by itself that™ "1 S

equal to ‘ eﬂ: Just equals . We

haven't distui'bed it yet. 1t takes something more powerful

to disturb it than that. JL"-L&% meansA- none of these processes

have taken us out of the domain of the denumerable infinite.
W2 'J’oa\ TRACS [0 5

This is what yaou have to do to &ewxe any effect 2 -

and at last

aaleph—su—b-ene 5] the second trans-

' %
that does something ,4 yeu get
‘)'Tlrc\f k)
finite number. Now. ,you sa-y- does this correspond: to anything?

It corresponds to,the cardinality of the totality of all real
numbers dncluding the transcendentals, and the cardinality of
the continuum?- that is, the mass of numbers it would take to
make all of this space solid. ]F ,Fhe same effect of multiplica-
tio nd addition applies 'to : . « As a matter of fact

VR AMOINS uNO,ve\N7~°A
a}eph-m:.me raised to the a&eph——nu-la power j-&s%——swa—}-lew&_that-

it remains al -one, Itts~unaffectad=bw—it. The
oPeraoatio
P 7y Y,

only 4#hing that affects/\% is raising it to the ﬂre?h,w

power in which case it achieves a higher cardinality and becomes

] ) { _
alepir——sub=two. :
—1 ' /)’é'z/ _
‘](P Now, there is some evidence that this corresponds to a

ciass of entities with which we actually deal. The statement

is that&/’c v C rne;ponds to the number of single valued functions,
’ ]

but you won't understand that, oS
thWMMB—M&EB ﬁ;ﬁat us assume the process

carried to the limit, and we get %We whole7
The Hfaloistic.zaﬂ‘liqz most comprehensive conception evolved in

the mind of man,And since the mind of man is a part of the \
\ﬁgole it could not evolve something greater than the Vﬁole,

hen ce & the most adequate symbol of the _vastitude of the

whole 7/ a‘le-ph—sab“l‘mw H L
-16-
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¥Your googalplex by now is a microscopic pellet

In the sea of the,illimitable, the whole galactic universe,

nay, 'a denumerable infinity of galactic'universes'of the

same size, would dissolve into Q sub-microscopic insignificance.
It really makes no diffe ;nce whether you call the universc
an\ﬁllusion, as Shankaraﬁ and as the Buddhists do, .or whether
you call it Rcal, as Sri Aurobindo does. In any case, in

the presence of the multiple infinitude of the ‘Whole, they U—b

s AN
are absorbed as\insignificant irrelevancapa. Hence, whether bjb
an
real og‘illusion is not a point of vital importance.

.-When a mathematician speaks of the infinite, he does
not mean merelj a big number. He means things like this
series of which we have spoken., But he means in differentiating
between infinities of different orders that they still have a
character, that it is not a blank of largeness in which there
is no element of determinateness ac all, but ratter that they .
have a charactcr so that there is something distingulshable -
a heirarchy of infinities. Now the question‘would arise, how
could a finite creature ever know, ever realize, the Infinite.
And the answer 1is, a finife creature never could, for the
finite creature would be limited to a progression of finite
steps, and in a finite time could never réal;ze_the Infinite.
But if the reality of man, nay the feaiity of all creatures,
of all entities, is that they are part and parcel of the Infinite?

not merely cut off apparent finite fractions ,but co-extensive

)

" with the Infinite, then the Infinite is knowable in the sense

of Realizaticn by the simple removal of an obscuratione- the

scurabidn. I considered it very significant when Dedekind

gave his existence-~theorem concérning the reality or existence

of Infinite manifolds)

-17-
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SRy | . ‘ | One

e said, take the ideas %g the human mind. ~“¥eu can have

Wa
an idea which we call a—sub*vne %%d then yow can have an idea
a,

_ of that idea, which we'll call a—pséme and then the a—pfime

can be put in the first series as an object of thought and

CUT

FoUrP e=gseopnd woul be the idea of this idea, and that can
i & The fivstseries Lo ;

be placed up there and the procesa*continueiin that manner.

Every idea in the second séries would be in the first, but
there would be one 1dea in the first series that is not in

the second. Particularly he gives the idea of our own ego '

as one not included in the second.. Yeu—hevea—eardinatitys-

Bolh s21-ics hove
egualcardinatity, the same cardinality because of the 1 to-1

ralationship; therefore, the ideas in the human mind are
infinite. Now that doesgii.mean that they are infinite in
the sense of actual concrete thinking of an infinity of ideas.
You might say it is infinite by this power of a genera%?gro-
gression. But the very power to generaté the progression and
to see it points to its infinitude. I know these 1deas have
some subtleties in them. They are not too easily grasped.
I am quite sure that the lecture of last Sunday probably seems
rather simple now, and the googalplex is‘something you may
take in your stride relative to this®

I have been thinking during the last few days of a
possibility of formulating the first principle of what we

might call a holoistic mathematic, and I might by next Sunday

be prepared to give a first talk on this{ but I*;th:;e to ‘5;
aasume that you~are familiar with the kind of thinking we've ?:
been doing tonight. It will prove necessaﬁy if we are going M
to use the basic holoistic conception, to use the mathematics df

ot wehavaedoy e bonight™ - This mew
of the trans—finite. This/is preparatory in one sense to that.,
@u+aﬂmqgfurpwaxnastv Secura

e some ma e adequate



" understanding of what is meant when we speak of the .W'hole. .
T i }’S*No simple denumerable infinite but a vast non-denumerable
Infinity, compounded.an infinity of times. Naturally, we
sink as relative beings into a less than microscopi sifgnif'icaﬁce
compared to ‘I’hat but he who knows that this - SRS
? which is none other than Parabrahm ,is That with which in truth
%"i\am identical, need not identlfy himself with en insignificant
-finite appearance but may know, as Shankara said, that he is
not only a part of Para‘qfahm but that he is identical with the
Whole of Eéarabrahm.
- ‘ _ Now let us add to that)Sri Aurobindo's insistencgpi‘ wupeoN
* indiv'iduality. By the use of the conceptioﬁs we employed to-
night it is quite readily possible to reconcile those two

WT N k'

statements of Ideniity~o£ Parabral'xiw\ the whole of the Holoistic,
EAL VPN,

and yet/\infinite variety of infinite individuality. That,I
think, is enough for tonig”’fxt

L . | VL.» ‘H .
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